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Abstract 
We show that a counter problem, originating from group theory, and due to R. Solomon, is 
NP-hard 
I. Introduction 
This paper concerns a problem which was raised by Cameron [1], and which 
originated with R. Solomon. It originates from a problem involving the lengths of 
chains of subgroups in classical simple groups. The problem is stated as follows: 
Suppose that we have n counters divided into r non-empty piles, of sizes nl . . . . .  n,. 
A move consists in replacing two piles of sizes ni and nj by a single pile of size ni + nj; 
the payoff or this move is 2 if nl = n j, and 1 otherwise. (It follows that after r - 1 
moves there is a single pile of size n.) 
Cameron [1] asked 
(a) Is there a simple formula for the maximum total payoff which can be achieved? 
(b) If not, what is the complexity of calculating the maximum payoff?. 
We will show that the answer to (b) is that the problem is NP-hard, at least in the 
case when the integers ni are given in binary. Although it might be more natural to 
insist that these integers are given in unary, since they represent numbers of counters, 
the NP-hardness in the binary case shows that the answer to (a) is almost certainly 
'No'; i.e. that no simple formula is possible. 
2. Proof of NP-hardness 
We will prove that the following problem is NP-complete. 
Instance: Positive integers nl, . . . ,  n,, positive integer K. 
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Question: Starting from piles of sizes nl . . . . .  nr respectively, is it possible to achieve 
a payoff of at least K? 
Theorem 2.1. The above problem is NP-complete. 
Proof. The problem is obviously in NP. We show completeness by a reduction from 
the well-known NP-complete problem PARTIT ION [2], which is stated as follows. 
Instance: Finite set A and a positive integer size s(a) for each a ~ A. 
Question: Is there a subset A' ___ A such that ~a~a' s(a) = Y~a~A-A' s(a)? 
Let I be an instance of PART IT ION with set A, and let B be the sum of the sizes of all 
the objects in A. Thus, I has a solution if and only if A has a subset A' such that the 
sum of the sizes of the elements of A' is B/2. Clearly, if B is odd there is no solution, so 
we may assume that B = 2C for some integer C. 
Construct an instance I '  of the counter problem as follows: Let A = {al . . . .  , at}. 
Take ni=s(al) for i=  1 . . . .  ,t. Take nt+l =3C,  and for j=0  . . . . .  2 t+ l ,  take 
nt+2+j = 4C. 2 j. Thus, the total number of piles, r, is 3t + 3. Let K = 5t + 4. It is clear 
that the instance I '  can be constructed from I in polynomial time provided that the 
integers nl are written in binary. 
We show that a payoffofat  least K = 5t + 4 is possible if and only ifA has a subset 
whose sum of element sizes is C. 
First suppose that I has a solution, i.e. there is a subset A' of A such that the sum of 
the sizes of the elements of A' is C. Then by combining the piles corresponding to the 
elements of A', we obtain a pile of size C, and by combining this with the pile of size 
3C, we obtain one of size 4C = nt+2. Now by combining this successively with the 
piles of sizes nt + 2 . . . . .  n3t + 3, and then the remaining piles in any way, we get a payoff 
of 2 at least 2t + 2 times, so the total payoff is at least (3t + 2) + (2t + 2) = 5t + 4. 
Conversely, suppose that there is no subset A' of A such that the sum of the sizes of 
the elements of A' is C. Now for each of the original piles of size 4C. 2 j, 0 ~<j ~< 2t + 1, 
consider the move at which this original pile is combined with another pile. It is clear 
that this move cannot have payoff 2, because the only way the other pile can have size 
4C. 2 j for somej is to be made up out of the original piles of sizes 4C- 2 j -  1 . . . . .  4C, 3C 
plus a collection of piles, of total size C, corresponding to elements of A. These 
elements of A therefore form a subset of A with total size C, a contradiction. Now 
there are 2t + 2 original piles of size 4C. 2 j, so the number of moves at which one of 
these piles is combined with another pile is at least t + 1, since each move involves at 
most two of them. Since there are 3t + 2 moves in all, at most 2t + 1 have payoff2, so 
the total payoff is at most (4t + 2) + (t + 1) = 5t + 3. This completes the proof. [] 
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